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Pairs in P2,: Probability Distributions which Lead to Estimates of the Two-Phase
Structure Seminvariants in the Vicinity of + 7/2

By HERBERT HAUPTMAN AND EDWARD A. GREEN
Medical Foundation of Buffalo, Inc., 13 High Street, Buffalo, New York 14203, USA

(Received 16 May 1977; accepted 17 August 1977)

The second sequence of nested neighborhoods of the two-phase structure seminvariant @,; — @p, 44, — @pyay
in the space group P2, is defined, and conditional probability distributions associated with the first four
neighborhoods derived. In the favorable case that the variance of a distribution happens to be small, the
distribution yields a particular reliable value for ¢,,, The most reliable estimates are obtained when
@, ~ *7/2,thus facilitating enantiomorph specification in this space group.

1. Introduction

In the space group P2, the linear combination of two
phases

012 = Pricnr — Phoktz (1.1)
is a structure seminvariant if and only if
(h,—h,, 0,1, — 1) =0(mod w,) (1.2)

where w,, the seminvariant modulus in P2, is defined by
o, = (2,0,2). (1.3)

Following the first paper in this series (Green &
Hauptman, 1978a), the probabilistic theory of this
two-phase structure seminvariant is developed further
via the Principle of Nested Neighborhoods (Hauptman,
1975a,b). The neighborhoods to be studied here, the
second sequence, contain elements different from those
of the first sequence derived in the previous paper
and are called neighborhoods of the second kind. In
sharp contrast to the relatively unreliable estimate
+7/2 for ¢,, obtainable from the neighborhoods of the
first sequence, the most reliable estimates obtainable
from the second sequence of neighborhoods are those
in the vicinity of +7/2. Thus the present work comple-
ments the results of the previous paper and facilitates
enantiomorph specification as well.

2. The second sequence of neighborhoods of the
two-phase structure seminvariant @,,, — @,,, in P2,

2.1. The first neighborhood
Construct the four-phase structure invariant

Onikty — Phkty T Pty — Pk (2.1
The symmetry in P2, enables one to write (2.1) as
2Pty — Phoktr) (2.2)

which is a structure seminvariant in this space group
since

2(h, — k). 0, (I, — L)1 =0 (mod w). (2.3

In view of the theory of the first neighborhood of the
four-phase structure invariant (Hauptman, 1975a,b), it
follows that if the two magnitudes

|Eh|kl||’ lEhzklz| (24)
are large, then
2¢,,~0 2.5)
or
0,,~0,7. (2.6)

Equation (2.6) implies that both values 0,7, of ¢,, are
equally probable. The first neighborhood of ¢,, of the
second kind is then defined to consist of the two
magnitudes (2.4), shown as the first shell of Fig. 1.

Fig. 1. The second sequence of nested neighborhoods of the
two-phase structure seminvariant ¢,, in P2,; 4, =k, (mod 2) and
I, =1 (mod 2). The first neighborhood consists of the two
magnitudes in the first shell, the second neighborhood of the
five magnitudes in the first two shells, efc.
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2.2. The second neighborhood

Employing the second neighborhood of the quartet
theory (Hauptman, 1975a,b), the second neighborhood
of ¢,, is defined to consist of the two magnitudes in
(2.4) and the three additional magnitudes

|E:OZkOI’ ‘Eh|+hz,0.l|+lzl’ IEhl—-hz,O.ll-lzl’ (2'7)

shown in the second shell of Fig. 1. Again, from the
quartet theory, if the five magnitudes of the second
neighborhood are large,

(2.8)

with high reliability, but with minimal useful phase
information because of the twofold ambiguity. How-
ever, if the two magnitudes (2.4) are large and the three
magnitudes in (2.7) are small then

(olzzo,%

20, ~m (2.9)
and

(2.10)

In contrast to the estimate (2.8) of ¢,,, which is
ambiguous, the estimate +n/2 of (2.10) corresponds
to one enantiomorph and the estimate —z/2 corre-
sponds to the other enantiomorph. Thus the second
neighborhood has the potential to permit the identifica-
tion of those two-phase seminvariants whose values are
likely to be +7m/2 and are therefore enantiomorph
sensitive.

@1a > *7/2.

2.3. The third neighborhood

The magnitudes of the third neighborhood are
constructed by arguments similar to those in the
preceding paper (Green & Hauptman, 1978a) and
for the third neighborhood of the quartet (Hauptman,
1977a). The construction of the two two-phase semin-
variants

2.11)
(2.12)

D23 = Phogt, — Prsksy
D31 = Phwts — Puiksy

each having a five-magnitude second neighborhood
similar to (2.4) and (2.7), leads to the identity

P2+ @3+ 03, =0. (2.13)
Only 10 of the 15 magnitudes forming the three
corresponding second neighborhoods are distinct; they

are, in addition to the five magnitudes (2.4) and (2.7)
of the second neighborhood, the five magnitudes

lEh}kI}” IEhz+h3,0.lz+13|’ lEh3+h1.0,1>+1|"
IEhz—hJ.O.Iz—IJI’ ,Ehl—hl,o.h—lll’
shown in the third shell of Fig. 1.

(2.14)

2.4. The fourth neighborhood

In view of the previously referenced work, the
identity of the fourth neighborhood follows from the
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10 magnitudes of the third neighborhood and the
15 magnitudes obtained from the five-magnitude
second neighborhoods of the three additional two-phase
seminvariants:

D14 = Phkt; — Phakts (2.15)
Pa2 = Phakts — Phokty (2.16)
D43 = Phants — Phskis 2.17)

In this way one is led to the 17 magnitudes of the
fourth neighborhood of ¢,,, the ten magnitudes (2.4),
(2.7), (2.14) and the seven additional magnitudes

IEhakh‘ ’ | Eh + h4,0,l|+l4| ’ |Eh|—h4,0,l|v14l ’

lEh4+h2,0.l4+lz|’ IEh4+hx.0.IA+13|’

IE’ld—hz.O.IA—IzI’ |E (2.18)

shown in the fourth shell of Fig. 1. Associated with this
17-magnitude fourth neighborhood are the three
identities, (2.13),

@3+ P34 + 04, =0,

hd‘h_\,O,ld*lJ"

(2.19)
and

P31+ Q1+ @43 =0. (2.20)

The last two identities are obtained by combining
(2.15)—(2.17) with (2.11) and (2.12).

3. Probabilistic background and notation
Fix the 17 non-negative numbers R,, R,, R;, R,, R,

RlZ’ Rli’ st’ Rzi’ Rw Rzi» Rm Rl.i, Rw R.;i, R43,
R, ;5 such that

IEh.k/.l =R, IEhzklzI =R, 3.1
lEgyrol = Roy  Epyimotiers) =Ry
|Eh|—hz,0.l|—lz| = 129 (3~2)
IEh:klsl =R, lEhz+hx,0,lz+13' =Ry,

hz—h:.O.lz—-lsI =R2§’ (3.3)

h;+h|.0,13+1|| =Ry, ‘Eh,-h.,o.l;—1.| =Ry, .
IEypil = R, LE s no0,000! = Ry

m-haotr-td = Rigs 1y p01000) = Razs
IEha—hz,O.la—lzI =R,;>

ha+h3,0,la+1y) = R“, lEm—h,,o.l..-hl =R, (3.4)

Assume that a crystal structure in P2, consisting of N
atoms, not necessarily identical, in the unit cell is fixed,
and that the ordered pair [(h,kl), (h,kl,)] of reciprocal
vectors is a random variable uniformly distributed over
that subset of the twofold Cartesian product W x W
of reciprocal space defined by (1.2), (1.3) and (3.1).
Then the structure seminvariant, ¢,,, is a random
variable whose conditional probability distribution,
P, given the two magnitudes (3.1) in its first neigh-
borhood, depends on the parameters R, R,.

If it is assumed that the primitive random variable
((h,kl,), (hykl))] is uniformly distributed over the
subset of W x W defined by (1.2), (1.3), (3.1) and
(3.2), then one is led to the conditional probability
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distribution, P, of ¢,,, given the five magnitudes in
its second neighborhood.

One continues in this way to specify the five
additional non-negative numbers R;, R,;, R;;, R,;,
R,; and then to assume that the ordered triple
[(h kll), (hykl,), (h,kl;)] is a random variable (vector)
which is umformly distributed over the subset of the
threefold Cartesian product W x W x W defined by
(1.2)

(h;— h3, 0,1, — 1) =0 (mod w), (3.5)

(hy—h, 0,1, — 1) =0 (mod w)), (3.6)

and (3.1)-(3.3). This leads to the conditional proba-
bility distribution P, o, of ¢,,, given the 10 magnitudes
(3.1)-(3.3) in its third neighborhood. In a similar way,
one arrives at the conditional probability distribution
of 9,5 P,.,7 given the 17 magnitudes (3.1)-(3.4) in its
fourth neighborhood.
In P2, the normalized structure factor E,,, is defined
by
E = |Epy) exp(iop)
2 N/2

(80’7)1/22 f00527,(h |+ 1;)

k
X exp [Zni (kyj - Z)]

where h and r; are two-dimensional vectors defined by
h= (h,), (3.3)
1= (x;z) 3.9

and f; is the zero-angle atomic scattering factor of the
atom labeled j; for X-ray diffraction the f; are the
atomic numbers Z; and are therefore positive; in the
neutron diffraction case some of the f; may be negative;
the term o, is defined by

N

:ZJ

i=1

3.7

(3.10)

and ¢ = 2 if h =1 =0 and 1 for all other values of
h and [ Finally, (x,y,z) is the position vector of the
Jth atom.

In the sequel conditional probability distributions of
¢, given the magnitudes in each of its first four
neighborhoods, are described. A brief account of the
analysis is given in Appendix I only for the typical case
of the second neighborhood, and familiarity with
earlier work is assumed [e.g. Hauptman (1977b,c)].

4. The conditional probability distribution of the
two-phase structure seminvariant @, = @, — @nu»
given the two magnitudes in its first neighborhood

Suppose that the two non-negative numbers R ,R,
defined by (3.1) are specified. Then, complete to terms

PAIRS IN P2,: SEMINVARIANTS IN THE VICINITY OF * /2

of order 1/N, the conditional probability distribution
of ¢,, given the two magnitudes (3.1) in the first
neighborhood, P,,, = P(®IR,R,), is found to be

1 ()
P,= — exp {a—; R2R2cos 2<1)}. “4.1)
27z10(—‘ R;Rg) ?

5. The conditional probability distribution of ¢,,, given
the five magnitudes in its second neighborhood

Assume that the five non-negative numbers defined by
(3.1), (3.2) are specified. Then, complete to terms of
order 1/N, the conditional probability distribution,
P,s of ¢, given the five magnitudes of the second
neighborhood is

1 40% - 0,0,
P = m cxp{— (—(;g——)RfR% cos 245}

931
X Io{ 0[R“+R“+ 2R?RZcos 2(1)]"2}

0-3/2
20,
x cosh 7 R,R,R,,cos @
2

20
X cosh{ yiR R, R ;cos <1>} (5.1
The normalization factor K, is easily obtained by
numerical techniques. Details of the derivation of (5.1)
are given in Appendix I.*

6. The conditional probability distribution of ¢,,, given
the 10 magnitudes in its third neighborhood

One continues in this way to specify the 10 non-
negative numbers defined by (3.1)-(3.3). Then, Py,
the conditional probability distribution of ¢,, given the
10 magnitudes in the third neighborhood, is found to
be

Prio~ o 0i(®) f

mo ®23=0
X [R* + R} + R} + 2R?R%cos 2@
+ 2R2ZR%cos 29,

23g,R,

Q2(¢’¢23) 10{72_
2

+ 2R2R?cos 2(P + ¢23)]"2}d¢23, (6.1)

* Appendix 1 has been deposited with the British Library
Lending Division as Supplementary Publication No. SUP 32950
(5 pp.). Copies may be obtained through The Executive Secretary,
International Union of Crystallography, 13 White Friars, Chester
CHI1 INZ, England.
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where

2
40% — 0,0,

Q[(¢):6Xp{_( )

)RfR% cos 2¢}
2

20,
x coshd — R R,R,,cos @

o.g/ 2

20
X cosh{ﬁiR, R,R 5 cos d>}, (6.2)
2

20
,(P,9,,) = cosh{ 0732 R,R,R,; cos ¢23}
2

20,
X cosh 072R2R3R25 cos P,
2
20,
x cosh @2 Ry;R,R;, cos(P + @,,)

20
X cosh{af2 R;R,R,;cos(P + qbn)} . (6.3)
Following the derivation of P, in the previous paper
(Green & Hauptman, 1978a) one may use numerical
techniques to evaluate the integral in (6.1) or approxi-
mate the integrand by a suitable function; in either case
the integration leads to a function of order 1/N2.
Therefore, P,,, contains all terms of order 1/N plus
those terms of order 1/N? which reflect the identity
(2.13).

7. The conditional probability distribution of 9,5, given
the 17 magnitudes in its fourth neighborhood

Denote by P,,,, the conditional probability distribution
of ¢,,, given the 17 magnitudes in the fourth neighbor-
hood defined by (3.1)-(3.4). Then

27 27

1
Pin=g— (@ [ 0(0.0) [ 00,0,

117 D23=0 P®14=0

23/20-3R0
x Iy [Rt + R} + R+ R4 + 2R3R2 cos 29

O-%/Z
+ 2R3R}cos 2®,; + 2RI R%cos 2(P + D,,)
+ 2R}R}cos 2, + 2R2R2 cos 2(P — ®,,)

+ 2RZR%cos 2(P + D,, — <D,4)]"2} do,,do,,
(7.1)
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where Q(®) and Q,(P,D,;) are given by (6.2) and
(6.3), and
2

g

0:(P,9,,9,) = COSh{O_T/i R R R, cos ¢|4}
2

20

F;R,R4Rl;cos 4514}

X cosh

X coshd —:
0.3/2

E
2
20
) R,R,R,, cos(P — ¢14)}
2
{203
X cosh
2
c
3
2

R,R,R ;5 cos (P — ¢,4)}

03/2

{
con

o
X cosh{(—ﬁ; R,R;R 5 cos(P + @,, — 45,4)}.
2

— R,RyR,; cos(P + &, — q>,,,)}

2
o
2

(7.2)

The integration of (7.1) leads to an expression for
P,,; which contains terms of order 1/N? reflecting
the information content of the identities (2.13), (2.19),
(2.20).

8. The applications
The accompanying Figs. 2-6 show P,,, P, P, 0
and P,,, as functions of @ in the interval —180° < ¢ <

+180°. They illustrate the properties of these proba-
bility distributions for a structure containing N = 100

X073

15711 N-100

R,=3.0
Rz=3.0

13.96
12.22

10.474

Py

3.49

1.75

-180 -90 o] 90 180
DEGREES
Fig. 2. The distribution P,, for the values of the parameters

shown.
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identical atoms in the unit cell. The values selected for
the magnitudes exemplify ideal behavior of these
distributions by minimizing the variance and show the
gains which the higher neighborhoods have the poten-
tial to yield. Fig. 2 shows that, for structures of this
complexity, the first neighborhood is incapable of
yielding a reliable estimate for ¢,,. The distribution
is always bimodal, with maxima at 0 and 180°, and a
variance too large to yield a reliable, but ambiguous

X107

15.71

N=100
Ry= Ry=3.0

P
Ro=Rp=Rz =30 IS

13.96
12.224
10.474
8.734
6.98
5.24

3.491

-

-180

-~ é

90 180

-90 0
DEGREES

Fig. 3. The distribution P, for the values of the parameters shown.

X107

15.71

N =100
Ry= Rp=3.0

Ro=R1»=R13 =0.0
13.964
12.22J
Rls
10.47
873
6.98
5.24]

3.49

175

b

180

-180 -90 o] le}

DEGREES
Fig. 4. The distribution P, for the values of the parameters shown.

PAIRS 'IN P2,: SEMINVARIANTS IN THE VICINITY OF + z/2

estimate. Figs. 3 and 4 illustrate the two types of
reliable estimates for ¢,, based on the five magnitudes
of the second neighborhood. If the five magnitudes
(3.1), (3.2) are large (Fig. 3), the most probable value
of ¢,,is 0 or 180°, and the distribution yields a reliable,
but ambiguous, estimate. If the two magnitudes (3.1)

X103
N =100
Ry=R; =Ry =3.0
15.71 R3y=Rs7 2.5
Ro=Ryz=Ryz =Ry; =R,3=0.0
13.961
12.224 Pijro
10.471
8.73
6.98
5.24
3.49
1.75
-180 -90 o 90 180
DEGREES
Fig. 5. The distribution P,,, for the values of the parameters
shown.
3 N=100
X10 R;=R,=R, =3.0
15.714 R4=R3;=R37 =R, = Ry; =R 3=R,3=2.5
Ro=R =R 5=Ry3=Ry3 =R, =R,5=0.0
13.96
Pz
12.224
10.471
8.73
6.984
5.241
3.49
1.75
-180 -90 o) 90 180
DEGREES

Fig. 6. The distribution P,,, for the values of the parameters
shown.
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are large but the three magnitudes (3.2) are small
(Fig. 4), then a reliable estimate of ¢,, equal to +90°
is obtained. By selecting either value, the enantiomorph
is specified.

Figs. 5 and 6 show that as the size of the neighbor-
hood is increased there is a greater potential for
obtaining a more reliable estimate for ¢,,. Since all
distributions are bimodal, only those are illustrated in
Figs. 5 and 6 with maxima at +90° because in this
case the distribution yields a unique estimate of ¢,,,
a consequence of the enantiomorph selecting capability
of such a distribution. As will be shown in the following
paper (Green & Hauptman, 1978b) the ability to
identify those seminvariants having values near +90°
leads to a procedure for eliminating the twofold
ambiguity in these reliably estimated seminvariants so
that unique values for many two-phase seminvariants,
consistent with the specified enantiomorph, are
obtained.

9. Concluding remarks

The second sequence of nested neighborhoods of the
two-phase structure seminvariant in P2, has been
found. The conditional probability distributions of ¢,,,
given, first, the two magnitudes in the first neighbor-
hood; next, the five magnitudes of the second neighbor-
hood; then the 10 magnitudes of the third neighborhood;
and finally, the 17 magnitudes in the fourth neighbor-
hood, have been derived. The distributions yield estimates
for ¢,, which may lie anywhere in the interval (—z, 7),
but which are most useful in the case that ¢,, ~ +7/2
because then the estimates are among the most reliable
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and the resolution of the twofold ambiguity is equiva-
lent to choosing the enantiomorph. In the accompany-
ing paper (Green & Hauptman, 1978b) the question
of the consistent resolution of the ambiguity for many
(enantiomorph sensitive) seminvariants is addressed. It
is observed again that, as more magnitudes are used,
more reliable estimates for ¢,, are obtainable
(¢f. Fig. 2, having a relatively large variance, with
Figs. 3-6 where the variances are small), although,
for the values of the parameters shown, the improve-
ment in P,,, and P,,, over P, is only marginal.

Finally, the first application of the results derived
here has been made to the determination of an un-
known structure which had resisted solution by
standard techniques (Duchamp, 1977).
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